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Abstract
We present a quantum mechanical analogue of the cosmological constant problem, that consists
of an inverted oscillator (the Brownian particle) bilinearly coupled to a set of harmonic oscillators.
We point out that the role of noise may be crucial in the dynamics of the Brownian particle, which
is analyzed using the theory of harmonic oscillators with random frequency. Using this analogy we
argue that, due to the fluctuations around its mean value, a positive vacuum energy density would
not produce an exponentially expanding but an oscillating universe, in the same fashion that an
inverted pendulum is stabilized by random oscillations of the suspension point (stochastic Kapitza
pendulum). The results emphasize the relevance of noise in the evolution of the scale factor.
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I. INTRODUCTION
The dynamical evolution equation for the scale factor in flat Robertson-Walker metrics
reads
a¨+ Ω2 a = 0 , Ω2 =
4πG
3
(ρ+ 3 p) , (1)
where ρ and p are the energy density and pressure that fill the universe. In the semiclassical
version of this equation, ρ and p are replaced by the corresponding mean values of the
energy density 〈ρ〉 and pressure 〈p〉 of the quantum fields. If 〈ρ〉 = −〈p〉 > 0, then 〈Ω2〉 =
−8π G/3 〈ρ〉 is negative and generates an exponential evolution of the scale factor.
In the usual formulation of the cosmological constant problem (CCP) [1, 2], the zero-
point energy density 〈ρ〉 associated to a quantum field is assumed to be of the order of E 4P l,
where EP l is the Planck energy. This would produce a cosmological constant of order E
2
P l,
about 122 orders of magnitude larger than the observed one. If the mean value of the stress
tensor of the quantum field is covariantly regularized (for instance dimensional regularization
with minimal subtraction) one obtains 〈Tµν〉 ∝ m
4 log(m/µ) gµν , which corresponds to a
cosmological constant of order Gm4 ≡ m4/E 2P l. Here m is the mass of the quantum field
and µ a renormalization scale. The effective cosmological constant in a given model depends
on the particle content of the theory, and on the choice of the renormalization scale. When
considering the contributions of all fields in the Standard Model, with the corresponding sign
for bosons and fermions, the effective cosmological constant turns out to be much smaller
than E 2P l, but still 54 orders of magnitude larger than the observed [2]. We will denote the
effective cosmological constant by m 4eff/E
2
P l, and will assume that meff ≪ EP l.
The pressure and the energy density will have fluctuations around their mean values, and
therefore we write ρ = 〈ρ〉+ ξρ, where the “noise” ξρ has a correlation function [3]
Nρ(t, t
′) =
1
2
〈{ρ(t)− 〈ρ〉(t), ρ(t′)− 〈ρ〉(t′)}〉 , (2)
and similar expressions for the pressure. The stochastic equation for the scale factor reads
a¨ +
4πG
3
(〈ρ〉+ 3 〈p〉+ ξρ + 3 ξp) a = 0 . (3)
This is of course a toy model for the analysis of the effect of noise on the expansion of
the universe. A more complete study should include spatial fluctuations of the energy mo-
mentum tensor, a general metric, and the consideration not only of the evolution equations
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but also of the constraints of General Relativity. These issues have been recently discussed
in a series of papers by Wang et al. [4, 5]. It was first pointed out that for metrics of the
form
ds2 = − dt2 + a2(t, ~x)(dx2 + dy2 + dz2) , (4)
the scale factor a(t, ~x) satisfies an equation similar to Eq. (3), at each spatial point ~x. As-
suming a negative cosmological constant, the scale factor would oscillate around a = 0 at
the classical or semiclassical level. Including the noise term, these oscillations are paramet-
rically amplified. This microscopically oscillating universe, when viewed at a macroscopic
scale, would expand exponentially with a Hubble constant given by the parametric resonance,
that could be much lower than expected if the resonance is weak [4]. This happens when the
bare cosmological constant is the largest scale in the model, even larger than the maximum
frequency in the power spectrum of the noise kernel. A more general approach, that includes
a discussion of the constraints of General Relativity, gives rise to a similar evolution equation
[5], while the constraints would imply that active fluctuations of the gravitational field can
hide a large and negative cosmological constant. A similar mechanism has been described
in Ref.[6], without assumptions about the sign of the cosmological constant. There is an
ongoing debate on this [7]. There has been also discussions regarding some particular issues
of the original proposal in Ref.[4] (see for instance Refs. [8] and [9]).
Despite the technical details, the main point raised in the analysis of Refs.[4–6] is that
the CCP should be reformulated taking into account the inhomogeneities that come both
from the active fluctuations of the metric, originated by quantum gravity, and from passive
fluctuations induced by the quantum fields.
In this paper we will focus on the effects of the quantum fields on the metric, when one
takes into account not only the mean value of the energy momentum tensor as a source
of the Einstein equations (semiclassical Einstein equations (SEE)) but also the fluctuations
around this mean value (semiclassical stochastic gravity). Our main goal is to shed light
on the following basic question: which is the role of the noise in the evolution of the scale
factor? In order to avoid the technical complications of General Relativity, our discussion
will be based on a quantum mechanical analogue of the problem, which leads to an evolution
equation similar to Eq.(3). This is a Brownian particle, with an inverted oscillator potential,
coupled to an environment composed by a set of harmonic oscillators. For a bilinear coupling
the dynamics of the Brownian particle is similar to that of the scale factor of the Universe,
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and the effects of the environment on the dynamics of the Brownian particle can be identified
with those of the quantum fields. As we will see, depending on the characteristics of the
environment, the noise can change qualitatively the behavior of the Brownian particle. This
analysis can be addressed using well known results of the theory of harmonic oscillators
with multiplicative noise (or random frequency). When translated to the CCP, this means
that there could be a “noise induced stabilization” and, instead of an exponential expansion,
one could have rapid oscillations of the scale factor. Moreover, the toy model is useful to
understand the validity (or not) of some of the approximations done in the gravitational
problem.
II. THE MODEL
We will consider a Brownian particle with coordinate x(t) coupled to a set of harmonic
oscillators qn(t). The classical action is given by
S =
1
2
∫
dt
[
x˙2 + Ω 2B x
2 +
∑
n
(
q˙ 2n − ω
2
n q
2
n + λn x
2 q 2n
)]
. (5)
Note that the Brownian particle is an inverted harmonic oscillator, although later on we will
also consider the case Ω2B < 0. The classical equations of motion read
x¨−
(
Ω 2B +
∑
n
λn q
2
n
)
x = 0 , (6)
q¨n +
(
ω 2n − λn x
2
)
qn = 0 . (7)
In a semiclassical approximation, the oscillators in the environment are treated as quan-
tum oscillators, and the Brownian particle classically. The semiclassical equation of motion
for the Brownian particle is
x¨−
(
Ω 2B +
∑
n
λn
〈
q 2n
〉)
x = 0 , (8)
where the mean values 〈q 2n 〉 are computed in a pure or mixed state for the oscillators qn.
Note that Eq. (7) is now the equation for the quantum operators in the Heisenberg picture.
Taking into account the fluctuations around the mean values 〈q 2n 〉, one can derive a Langevin
equation for the Brownian particle, that is of the form [10]
x¨−
(
Ω 2B +
∑
n
λn
〈
q 2n
〉
+ ξ(t)
)
x = 0 , (9)
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where
ξ(t) =
∑
n
λn ξn(t) , ξn(t) = q
2
n (t)−
〈
q 2n (t)
〉
, (10)
and ξn are stochastic variables with correlation functions
Rn(t− t
′) =
1
2
〈{ξn(t), ξn(t
′)}〉 , (11)
R(t− t′) =
∑
n
λ2nRn(t− t
′) . (12)
The mean values 〈q 2n 〉 and the correlation functions Rn(t, t
′) are complicated functionals
of the position of the Brownian particle x(t). The term
∑
n λn 〈q
2
n 〉 renormalizes the bare
frequency of the Brownian particle and introduces dissipation in the system.
We would like to use this theory as a toy model for the CCP. The coordinate of the
Brownian particle plays the role of the scale factor of the universe, the environment that
of the quantum fields, and Ω 2B is the analogue of the bare cosmological constant. Eq. (8)
does not take into account the role of noise, and is the analogue of the SEE in quantum
field theory in curved spaces. Eq. (9) is the analogue of the Einstein-Langevin equations
in stochastic gravity [3]. When the mean values are evaluated by neglecting the effect of
the Brownian particle on the environment, and considering thermal states of the quantum
oscillators qn at a temperature β
−1, we get
λn
〈
q 2n
〉
=
λn Y (ωn)
2ωn
, (13)
where Y (ωn) = coth(β ωn/2).Thus the effect of the environment is to renormalize the “bare
cosmological constant” Ω 2B
Ω 2ren = Ω
2
B +
∑
n
λn Y (ωn)
2ωn
. (14)
Note that when Ω 2ren > 0, the semiclassical Eq. (8) implies exponential solutions for x(t). In
the same approximation, the noise correlation functions read
Rn(t− t
′) =
1
4ω 2n
(
cos(2ωn (t− t
′))
(
Y (ωn)
2 + 1
)
+ Y (ωn)
2 − 1
)
. (15)
The effect of the Brownian particle on the environment oscillators can be taken into
account perturbatively in the coupling constants λn. Solving Eq. (7) up to first order we
obtain 〈
q 2n
〉
=
Y (ωn)
2ωn
−
Y (ωn) λn
2ω 2n
∫ t
dt′ sin(2ωn (t− t
′)) x2 . (16)
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Inserting this result into Eq. (9) we get
x¨+ Ω 2ren x+ x
∫ t
dt′D(t− t′) x(t′)2 = ξ x , (17)
where
D(t− t′) = −
∑
n
Y (ωn) λ
2
n
2ω 2n
sin(2ωn(t− t
′)) , (18)
is the dissipation kernel.
Introducing the spectral density of the environment
I(ω) =
∑
n
δ(ω − ωn)
λ2n
(2ωn)2
, (19)
the noise and dissipation kernels can be written as
R(t− t′) =
∫
∞
0
dω I(ω)
(
(Y (ω)2 + 1) cos(2ω (t− t′)) + Y (ω)2 − 1
)
, (20)
D(t− t′) = 2
∫
∞
0
dω I(ω) Y (ω) sin(2ω(t− t′)) . (21)
These equations have been derived previously using functional methods [10], for general
nonlinear couplings between the system and the environment.
III. PARAMETRIC RESONANCE AND NOISE-INDUCED STABILITY
When the mean values and noises are evaluated neglecting the effect of the Brownian
particle on the environment, the effective stochastic equation for the Brownian particle is
that of an inverted harmonic oscillator with random frequency. It also describes a rigid
pendulum around its unstable vertical position with a random vertical motion of its pivot.
It is a well-known and somewhat curious fact of classical mechanics that the rigid pen-
dulum can be stabilized in the inverted position when the pivot oscillates vertically, if the
frequency and amplitude of the oscillations are within certain intervals. This was pointed
out at the beginning of the 20th century by A. Stephenson [11]. Decades later, P. Kapitza
provided a theoretical explanation of the device, now known as the “Kapitza pendulum”
[12]. The oscillations of the pivot produce a torque whose average (over a temporal scale
much shorter than the natural frequency of the pendulum) overwhelms gravity and the pen-
dulum becomes stable [13]. An important difference between the Kapitza pendulum and
our toy model is that we have an inverted pendulum with a random motion of the pivot.
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The “stochastic Kapitza pendulum” has also been widely investigated, and under certain
circumstances one can have noise-induced stability [14].
On the other hand, if we consider an ordinary harmonic oscillator (that corresponds
to Ω 2B < 0 in our model), the stochastic equation is that of an oscillator with random
frequency. For a harmonic oscillator with a deterministic time dependent frequency, there
is parametric resonance if the time dependence contains non vanishing Fourier modes at
2ω0/n, for n = 1, 2, 3, ... [13]. There are similar results when the frequency of the oscillator
has a random component, as we will see below.
A. Parametric resonance for a harmonic oscillator with random frequency
Let us consider a harmonic oscillator with random frequency
x¨+ Γ ǫ2 x˙+ ω 20 (1 + ǫ ξ(t)) x = 0 , (22)
where ξ is a stochastic function with vanishing mean value and correlation function
S(t− t′) = 〈ξ(t) ξ(t′)〉 . (23)
For further discussion, we added the dissipative term proportional to the positive constant
Γ and a small parameter ǫ.
Using multiple scale analysis one can show that [15], to lowest order in ǫ,〈
x2(t)
〉
=
1
2
exp
((
ω 20
2
(
Re
{
S˜(2ω0)
}
− S˜(0)
)
− Γ
)
ǫ2 t
)
×
× cos
((
2ω0 −
ǫ2 ω 20
2
Im
{
S˜(2ω0)
})
t
)
+
+
1
2
exp
((
ω 20 Re
{
S˜(2ω0)
}
− Γ
)
ǫ2 t
)
+O
(
ǫ2
)
,
(24)
where S˜(ω) is the Fourier transform of the correlation function:
S˜(ω) =
∫
∞
0
S(t) ei ω t dt . (25)
Therefore, there will be parametric resonance with a rate ǫ2(γ − Γ) where
γ = ω 20 Re
{
S˜(2ω0)
}
, (26)
as long as γ > Γ. In particular, for non dissipative systems parametric resonance takes place
as long as Re
{
S˜(2ω0)
}
> 0. Working at higher orders in ǫ, we expect a similar condition
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with the Fourier transform evaluated at 2ω0/n and a rate of growth proportional to ǫ
n+1,
that tends to zero as n≫ 1. In this case we would have a “weak” parametric resonance.
When evaluated for the Brownian particle, setting ǫ = 1 and neglecting the dissipative
term, the condition for parametric resonance reads
Ω 2renRe
{
S˜(2 Ωren)
}
=
π
4
I(Ωren)
Ω 2ren
(
Y (Ωren)
2 + 1
)
> 0 , (27)
where we have taken into account that the definition of the noise in Eq. (22) differs from
that of Eq. (9) by a factor ω 20 . In our QBM model, there will be parametric resonance if
the spectral density of the environment satisfies I(Ωren) 6= 0 and the dissipative term is
negligible.
B. Noise induced stability for an inverted harmonic oscillator with random fre-
quency
Let us now consider the linearized Kapitza pendulum
x¨+ Γ x˙− ω 20 (1 + ξ(t))x = 0 , (28)
where x is the angle with respect to the vertical, ω 20 = g/l, l is the length of the pendulum
and g the gravitational acceleration. The stochastic function ξ(t) describes the random
acceleration of the pivot, ξ(t) = ϕ¨(t), where ϕ(t) is its position. We have also included a
dissipative term.
The stability condition reads [16]
σ2 ≡
〈
ϕ˙2(t)
〉
>
1
ω 20
. (29)
If this condition is fulfilled the stochastic pendulum will be stable, and will oscillate around
a = 0 with a frequency ω2K = ω
2
0 ((ω0 σ)
2 − 1).
However, this is not the whole story. As we have seen, the ordinary harmonic oscillator
with natural frequency ω0 can suffer parametric amplification when the Fourier transform
of the noise kernel is non vanishing at 2ω0. The same happens for the “stochastic Kapitza
pendulum”: once stabilized, it still suffers a secular growth of the amplitude of oscillations
when the Fourier transform of the noise correlation function is different from zero at 2ωK.
The amplitude grows exponentially with a rate [16] γK − Γ where
γK =
π
ω2K
(
16ω4K Φ11(2ωK)− 4ω
2
K (Φ12(2ωK) + Φ21(2ωK)) + Φ22(2ωK)
)
, (30)
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and
Φij(ω) =
1
2π
∫
∞
−∞
Rij(t) e
i ω t dt , (31)
Rij(t) = 〈ηi(s) ηj(s+ t)〉 , (32)
η1(t) = ω
2
0 ϕ(t) , (33)
η2(t) = ω
4
0 ϕ¨(t)ϕ(t)− ω
4
0 〈ϕ¨(t) , ϕ(t)〉 . (34)
For our QBM model, the stability condition (29) can be obtained by integrating twice
the noise kernel in Eq. (21) with respect to t, and evaluating at t = t′. It reads
Ω20 ≡
∫
∞
0
dω
I(ω)
4ω2
(
Y 2 + 1
)
>
∣∣Ω 2ren∣∣ , (35)
and, when fullfilled, the oscillations have a frequency ω 2K = Ω
2
ren ((Ω0/Ωren)
2 − 1).
To compute γK we first note that it contains contributions from 2, 3 and 4-point corre-
lation functions. From Eq. (10) we see that these are quadratic, cubic and quartic in the
coupling constants λn, respectively. The leading contribution comes from Φ11 and is given
by
γK ≃ 8π
I(2ωK)
ω 2K
(Y 2 + 1) . (36)
The general conclusion is the following. When analyzing the evolution of the Brownian
particle at the semiclassical level, neglecting the effect of the noise, the evolution is unstable,
and the solutions grow exponentially. This is the usual instability of the Kapitza pendulum.
However, the noise can stabilize the system if the condition Eq. (35) is fulfilled. The Brown-
ian particle will oscillate around x = 0 with a frequency ω 2K . There is an additional secular
effect, that produce an exponential growth in the amplitude of the oscillations, at a rate that
is not given by the semiclassical equation, but is determined by the Fourier components of
different noise kernels evaluated at 2ωK . The exponential growth takes place only in a small
dissipation regime, i.e. when the term proportional to the dissipation kernel in Eq.(17) can
be neglected. Note that this will be true as long as x is sufficiently small.
IV. APPLICATION TO THE CCP
With the caveats mentioned in the Introduction, we will now show that similar phenomena
take place for the random fluctuations of the vacuum energy-momentum tensor around its
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mean value. To do that, we compare the evolution equation of the scale factor with that
of the linearized Kapitza pendulum. Evaluating the mean values and noises in Minkowski
spacetime, from Eq. (3) we obtain
a¨−
8πG
3
(〈ρ〉+ ξρ) a = 0 , (37)
where we assumed a Lorentz invariant regularization, i.e. 〈p〉 = −〈ρ〉. Comparing this
equation with Eq. (28) we make the identifications
ω 20 → 8πG 〈ρ〉 /3 , (38)
ξ(t)→
ξρ(t)
〈ρ〉
. (39)
Introducing a new stochastic variable ϕρ(t) such that ϕ¨ρ(t) = ξρ(t) the stability condition
reads 〈
ϕ˙ 2ρ (t)
〉
>
3 〈ρ〉
8π G
. (40)
Given that the field is an operator-valued distribution, the correlation function is a dis-
tribution that diverges in the coincidence limit. In fact, for a massless field one can easily
check that
Nρ(t, t
′) ∝
1
(t− t′)8
, (41)
a result that is valid even for massive fields when t→ t′. This implies that
〈ϕ˙ρ(t) ϕ˙ρ(t
′)〉 ∝
1
(t− t′)6
. (42)
The strict coincidence limit is of course unphysical, and some kind of smearing is unavoidable.
The scale of smearing could be related with the discreteness of spacetime in a quantum theory
of gravity. If the correlation is evaluated for quantum fields with a smearing over a finite
spacetime region, on dimensional grounds we expect〈
ϕ˙ 2ρ (t)
〉
∝ Nf E
6
0 , (43)
where E0 the scale of smearing and Nf the number of fields.
Given the relevance of this result for our discussion, we illustrate it with a simple example:
the two-point function of a massless scalar field G(t,x, t′,x) = 〈{φ(t,x), φ(t′,x)}〉 diverges
as (t − t′)−2 in the coincidence limit. However, for fields with a Gaussian smearing over a
time scale E −10 we have [17]
G¯(t,x, t′,x) =
E 20
8π2
(
1−
(t− t′)2
4
E 20
)
, (44)
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where a bar denotes the smearing. Note that, in the coincidence limit G¯ ≃ E 20 , as expected
on dimensional grounds. Moreover〈{
∂2
∂t2
φ¯(t,x), φ¯(t,x)
}〉
= −
1
16π2
E 40 . (45)
A similar argument leads to Eq. (43), which is valid even for massive fields, as long as the
mass of the field is much smaller than E0.
Writing E0 = χEP l, the stability condition reads χ
6E 4P l > m
4
eff , which is easily fulfilled
in the Standard Model for χ = O(1). Therefore, the noise changes drastically the behaviour
of the scale factor, which would suffer oscillations around a = 0 with a frequency
ω 2K = Nf χ
6E 2P l −m
4
eff/E
2
P l ≃ Nf χ
6E 2P l . (46)
The singularities of the geometry produced when a = 0 will not be discussed here, since we
are only pointing out the qualitative difference between the expected behavior of the scale
factor with and without noise.
Regarding parametric amplification, using Eq. (36) and our dictionary to go from the
stochastic pendulum to the evolution of the scale factor, we obtain
γK = 16π ω
2
K
(
8πG
3
)2
Q˜(2ωK) , (47)
where Q˜(2ωK) is the Fourier transform of the correlation function Q(t, t
′) = 〈ϕρ(t)ϕρ(t
′)〉.
Taking into account that Q(t, t′) diverges as (t− t′)−4 we have
Q˜(2ωk) = Nf ω
3
K f(ωK/E0) , (48)
where f(z) depends on the smearing and tends to a nonvanishing constant as z → 0. Thus,
there is an additional effect of the noise, which is to amplify the oscillations with a rate
γK ∝ Nf
ω 5K
E 4P l
f(ωK/E0) = N
7/2
f χ
15 EP l f(
√
Nf χ
2) . (49)
For the sake of completeness, we perform a similar analysis for the case of a negative
cosmological constant. In the absence of noise, Eq. (1) describes a harmonic oscillator with
frequency ω 20 = 8πG |〈ρ〉|/3, which is of order m
4
eff/E
2
P l. Including the noise, the dynamical
equation is that of a harmonic oscillator with a random frequency ω2(t) = ω 20 +8πG ξρ(t)/3.
According to the theory of parametric resonance for the usual harmonic oscillator with
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random frequency, reviewed in the previous section, the amplitude of the oscillations will
grow exponentially with a rate given by Eq. (26)
γ = ω 20
Re
{
N˜(2ω0)
}
〈ρ〉2
. (50)
Taking into account Eq. (41), the Fourier transform of the noise kernel is
N˜ρ(2ω0) = Nf ω
7
0 f(ω0/E0) , (51)
where, once more, the function f(z) depends on the smearing. These results imply that
N˜ρ(2ω0) will be nonvanishing, since we are assuming that ω0 ≤ E0. Therefore, we expect a
strong parametric resonance with
γ ∝ Nf
ω 50
E 4P l
f(ω0/E0) . (52)
Note that the scenario here is different from that of Ref.[5], where it is assumed that
ω0 ≫ E0. In that case, the parametric resonance is weak, and the associate Hubble constant
tends to zero as ω0 →∞.
V. OUTLOOK
To summarize, the main implication for the CCP suggested by this analysis is as follows.
When noise is neglected, and in the presence of a huge and positive cosmological constant,
we have the usual CCP: quantum matter fields in the vacuum state would produce an ex-
ponential expansion of the scale factor with a rate many orders of magnitude larger than
observed. However, as for the stochastic Kapitza pendulum, the noise generates rapid os-
cillations of the scale factor with a frequency
√
Nf χ
3EP l. Physically, the stabilization is
produced because the fluctuations of the energy momentum tensor around its mean value
are determined by the scale χEP l, which may be much larger thanmeff . This is not the only
consequence of the noise. As matter fields have a wide-band noise spectrum, the Fourier
transform of the noise evaluated at twice he oscillation frequency will be nonvanishing, pro-
ducing a secular amplification of the oscillations by parametric resonance. Depending on the
parameters and matter content, the secular rate of expansion could eventually be smaller
than m 4eff/E
2
P l. However, we do not expect a solution to the CCP along these lines, unless
when meff ≪ EP l. In tune with the idea put forward in Refs.[4, 5], we have shown, using
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an analogue toy model, that the role of noise is crucial and has been overlooked in most
analyses of the CCP.
We have also considered the case of a negative cosmological constant. We pointed out
that, when the mean values and noise kernels are evaluated using standard techniques, the
noise produces a strong parametric resonance. This differs from the results of Ref.[5], since
those works assume that the bare cosmological constant is much larger than the maximum
frequency that is present in the noise kernel, producing a weak parametric resonance.
In all our analysis, as in many previous works on the CCP, we have evaluated the mean
value of the energy density and the noise kernel in Minkowski spacetime. This is of course
a crude approximation that should be improved. The quantum Brownian motion analogue
described in this paper illustrates this point. A potential warning related to the recent
solution to the CCP proposed in Ref.[5] is the eventual role of dissipation. As we have seen,
a dissipative term could destroy the parametric resonance that would be needed to convert
the “micro-cyclic” oscillations into a slow exponential expansion at a macroscopic level.
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